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Introduction

(1) θ23 octant degeneracy (Fogli and Lisi, 1996)  

(2) Intrinsic θ13-δ degeneracy (Burguet-Castell et al, 2001)  

(3) sign of Δm13 degeneracy (Minakata, HN, 2001)  2

8 fold degeneracy (Barger et al, 2002)

θ23 octant degeneracy is a part of the so called 
8 fold parameter degeneracy we encounter 
when we try to determine neutrino mixing 

paramters by oscillation experiments 



From Theory Consideration:    µ-τ symmetry

Currently, we don’t know if θ23  is maximal

sin22θ23 > 0.92 @ 90% CL

From SK atmospheric neutrino data

0.34 < sin2θ23 < 0.64

Typically predict
 θ23= π/4 and θ13=0

 in the symmetry limit



P(νμ→ νμ ) ≈ 1 − sin22θ23 sin2(Δm2 

L)4E

What is the θ23 Octant degeneracy?   

One Δm2 dominance approximation and vanishing θ13

Disappearance mode can determine  sin22θ23

Fogli and Lisi, PRD 54, 3667 (1996)

 sin2θ23  =      [ 1 ± √1 − sin22θ23    ]2
1

For example, sin22θ23= 0.96 → sin2θ23= 0.4 or 0.6    

Let us first consider the disapperance mode νμ→ νμ



To be more precise...   

P(νμ→ νμ ) ≡ 1 − sin22θeff sin
2(Δm2eff L)

4E

For a given value of sin22θeff

 sin2θ23  ≈      [ 1 ± (1+sin2θ13) √1 − sin22θeff    ]2
1

sin22θeff = 0.96 → sin2θ23  ≈ (0.4 or 0.6) + 0.1 sin2θ13

sin22θeff ≈ 4|Uμ3|2 (1-|Uμ3|2) T2K I can measure this quantity
 with ≈ 1 % accuracy



What will happen if we add νμ→ νe ?   

One Δm2 dominance approximation

P(νμ→ νe ) ≈ sin2θ23
 sin22θ13 sin2(Δm2 

L)4E
Appearance mode can determine  sin2θ23sin

22θ13  

(Not θ23 and θ13 separately !)

Unless we know θ13  determined by some OTHER 

experiment, we can not distinguish 2 value of sin2θ23 
obtained by the disappearance mode!

sin2θ23sin
22θ13  ≈ sin

2θ23sin
22θ13

truetruefake fake

Two solutions of (θ23, θ13 )
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input sin2θ23 = 0.458

input sin2θ23 = 0.542

Assume T2K Phase II: 4MW (2yr ν + 6 yr ν), HK@Kamioka

True Sol.

Fake Sol.

True Sol.

Fake Sol.

Disappearance

Appearance

The current bounds on these small quantities in the
lepton flavor mixing are rather mild,

!0:14 " D23 # 1
2 ! sin2!23 " 0:14; (1)

at 90% CL [1], which is nothing but a translation of the
bound sin22!23 $ 0:92. At present, there is neither indica-
tion of deviation from the maximal !23, nor preference of
the particular octant (apart from very slight preference of
the 2nd octant) in the analysis by the SK group with their
current data set [20]. On the other hand, the bound on !13 is
much stronger if one uses the same variable,

sin 2!13 " 0:022%0:047& (2)

at 90% (3") CL for 1 degree of freedom, as obtained by the
global analysis [21] with use of all the data including the
Chooz, the atmospheric, and the K2K [22] one. As dis-
cussed in [23] (see also [24]), one of the major difficulties
for accurate measurement of !23 with accelerator neutrinos
is the !23 degeneracy. Hence, we expect that our method
will help to improve the situation.

In Sec. II, we explain how the !23 octant degeneracy can
be resolved by our method. In Sec. III, we discuss how
robust is the !23 octant degeneracy by indicating the diffi-
culties in resolving it only by accelerator measurement. In
Sec. IV, we fully explain the statistical procedure of our
analysis. In Sec. V, we present the results of our analysis. In
Sec. VI, we give concluding remarks. In the appendix, we
describe some details of how the referred numbers of
events are computed in our paper.

II. THE METHOD AND WHAT IS NEW?

For completeness of the presentation, we start by re-
viewing the method for solving !23 octant degeneracy
described in [10]. At the end of this section, we will try
to elucidate the difference between this work and Ref. [10].
We invite the readers to look at Fig. 1, and first focus on the
upper four panels, the case where the input value of !23 is
in the first octant. (The upper four and the lower four panels
of Fig. 1 are for input values of s223 ' 0:458 and 0.542,
respectively.) Figure 1(a) describes the constraints imposed
by each accelerator experiment, #$ (and !#$) disappear-

ance and #e (and !#e) appearance measurement. Although
these contours come from our full analysis whose details
will be explained in Secs. IV and V, the main features of
Fig. 1 can be understood by the vacuum oscillation ap-
proximation, and essentially it is all that we need.

The #$ disappearance and #e appearance probabilities

in one "m2 dominance approximation [25], which may be
justified by "m2

21="m
2
31 ’ 1=30 ( 1, are given by

P%#$ ! #$& ' 1! sin22!23sin
2

!
"m2

31L

4E

"

(3)

P%#$ ! #e& ' s223sin
22!13sin

2

!
"m2

31L

4E

"

; (4)

where E denotes the neutrino energy and L is the baseline
distance. We use the standard notation of the MNS matrix
including the symbol sij for sin!ij [26]. "m2

ji is defined as

"m2
ji # m2

j !m2
i by using the neutrino masses mi (i '

1–3). In this approximation P%#% ! #&& ' P% !#% ! !#&&.
Accelerator disappearance measurement is expected to
determine both "m2

31 and sin22!23 with high accuracies.
It is obvious that, if !23 ! '=4, one has twofold solutions
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FIG. 1 (color online). The upper (lower) four panels describe
the process of how the !23 octant degeneracy can be resolved for
the case where the true value of sin2!23 ' 0:458%0:542&, corre-
sponding to sin22!23 ' 0:993. The other input mixing parame-
ters are given as "m2

31 ' 2:5) 10!3 eV2, sin22!13 ' 0:1 and
( ' 0, "m2

21 ' 8:0) 10!5 eV2, sin2!12 ' 0:31 (the input val-
ues of sin22!13 and sin2!23 are indicated by the symbol of star in
the plot). (a) The regions enclosed by the solid and the dashed
curves are allowed regions only by the results of appearance and
disappearance accelerator measurement, respectively. (b) The
regions that remain allowed when results of appearance and
disappearance measurement are combined. (c) The regions al-
lowed by reactor measurement. (d) The regions allowed after
combining the results of appearance and disappearance accel-
erator experiments with the reactor measurement. The exposures
for accelerator are assumed to be 2 (6) yr of neutrino (antineu-
trino) running with 4 MW beam power with Hyper-Kamionande
whose fiducial volume is 0.54 Mt, whereas for the reactor we
assume an exposure of 10 GW*kt*yr. The case of optimistic
systematic error is taken. (See Sec. IV and the appendix for
details).
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How Can We Resolve This Degeneracy? 



First Possible Strategy  

Combine Reactor Data 
Minakata et al, PRD 68, 033017 (2003)

See also Fogli and Lisi, PRD 54, 3667 (1996)

P(νe→ νe ) ≈1 − sin22θ13 sin2(Δm2  

L)+O(sin22θ13Δm2
   

)4E
13

12

 Reactor with L ≈ 1-1.5 km can provide a clean 
measurement of θ13 free from degeneracy

 Since 2 degenerate solutions correspond to different 
values of θ13, it will be possible to eliminate

 one of the solutions 



Experimental Setup and Assumptions

(1)  T2K Phase II: 4MW  2.5 deg. OA beam (2yr ν + 6 yr ν)
HK 0.54 Mt, appearance and disappearance modes

(2)  High Statistics/Sensitivity Reactor Experiment 
       with an exposure of ~10 GW⋅kt⋅yr , L = 1.5 km 

beyond Double CHOOZ

Δm2
23 = ±2.5x10-3 eV2

Δm2
12 = 8x10-5 eV2

sin2θ12= 0.31

δ = 0

Inputs



χ2 definitions

we can determine well the quantity sin2!23sin
22!13, even if

we do not know the value of the CP phase ". Since
information on the energy dependence of this channel
cannot be important in resolving !23 degeneracy (as we
saw in the previous section), we consider only the total
number of events and define #2 for the appearance channel
as follows,

#2
app !

"Nobs
sig # Nobs

BG $ Ntheo
sig $ Ntheo

BG %2

Nobs
sig # Nobs

BG # "$sigN
obs
sig %2 # "$BGN

obs
BG%2

; (14)

where Nobs and Ntheo are the number of events to be
observed and the theoretically expected one, respectively,
for given values of the oscillation parameters. We note that
background events come mainly from neutral current in-
teractions as well as the events induced by %e " !%e% which is
inevitably contained in the initial flux. We assume opti-
mistic systematic errors, $sig & $BG & 2% for the T2K II

experiment.
In Table I, we show the expected number of events for

the T2K phase II for the 2 (6) yr of exposure for neutrino
(antineutrino) running with and without oscillation effect.
For the case with oscillation, we assumed the oscillation
parameters "m2

31 & 2:5' 10$3 eV2, "m2
21 & 0,

sin22!23 & 1, and sin22!13 & 0:1. The choice is to com-
pare the number of events to the one quoted in Ref. [27] for
T2K I after properly scaling the fiducial volume, exposure
time and the beam power. We have confirmed that our
results agree reasonably well with the numbers quoted in
[27].

Although we do not use the spectrum informations in
our analysis, we present in Fig. 3 some examples of the
energy distribution of the %e appearance events for com-
pleteness. For this plot, we set the oscillation parameters
"m2

31 & 2:5' 10$3 eV2, sin2!23 & 0:4, sin22!13 & 0:1,
"m2

21 & 8:0' 10$5 eV2, sin2!12 & 0:31, " & 0.
Throughout our analysis, we fix the solar neutrino mixing
parameters "m2

21 and sin2!12 to these values. One can
observe in the figure that background is quite small in

size and has similar shape as the signal events. Notice
also that the modulation of energy spectrum by neutrino
oscillation is rather modest.

B. !" ! !" " !!" ! !!"% disappearance mode

The %& ! %& " !%& ! !%&% disappearance mode is im-

portant to determine sin22!23 as well as "m2
31 accurately.

In Fig. 4, we show the expected event number distribution
as a function of the reconstructed neutrino energy in the
absence (left panel) and in the presence (right panel) of

TABLE I. Number of events in the appearance mode with and
without oscillation. We assume 2 (6) yr of neutrino (antineu-
trino) running with the T2K phase II set up. For the case with
oscillation, we set "m2

31 & 2:5' 10$3 eV2, "m2
21 & 0,

sin22!23 & 1, and sin22!13 & 0:1, with the matter density ' &
2:3 g=cm3 and the electron fraction (number of electron per
nucleon) being Ye & 0:5. Numbers in parentheses correspond to
the case where the matter effect is switched off.

Case 1 (%& ! %e) Signal events BG NC events BG beam events

No Oscillation 0 542 785
Oscillation 8683 (8016) 542 724 (728)
Case 2 " !%& ! !%e%
No Oscillation 0 624 817
Oscillation 7340 (7990) 624 761 (757)

FIG. 3 (color online). Examples of event number distributions
are plotted as a function of the reconstructed neutrino energy for
the appearance mode with and without oscillations. In the latter,
the following values of the oscillation parameters are used:
"m2

31 & 2:5' 10$3 eV2, sin2!23 & 0:4, sin22!13 & 0:1,
"m2

21 & 8:0' 10$5 eV2, sin2!12 & 0:31, " & 0.

FIG. 4 (color online). Examples of event number distributions
are plotted as a function of the reconstructed neutrino energy for
the disappearance mode without oscillation (left panel) and with
oscillation (right panel) with the mixing parameters "m2

31 &
2:5' 10$3 eV2, sin2!23 & 0:4, sin22!13 & 0:1, "m2

21 & 8:0'
10$5 eV2, sin2!12 & 0:31 and " & 0. The histogram by the solid
lines indicate the sum of the signal and background events
whereas the ones by the dashed line indicate only the back-
ground events.

K. HIRAIDE et al. PHYSICAL REVIEW D 73, 093008 (2006)
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FIG. 3: Examples of event number distributions are plotted as a function of the reconstructed
neutrino energy for the appearance mode with and without oscillations. In the latter, the following
values of the oscillation parameters are used: ∆m2

31 = 2.5×10−3 eV2, sin2 θ23 = 0.4, sin2 2θ13 = 0.1,

∆m2
21 = 8.0 × 10−5 eV2, sin2 θ12 = 0.31, δ = 0.

of the reconstructed neutrino energy in the absence (left panel) and in the presence (right
panel) of oscillation with the mixing parameters, sin2 θ23 = 0.4, ∆m2

23 = 2.5 × 10−3 eV2,
sin2 2θ13 = 0.1, and δ = 0. Unlike the case of the appearance channel, the energy distribution
is significantly modified by the oscillation effect.

For the disappearance mode, we consider 36 bins with 50 MeV width from 0.2 GeV to 2.0
GeV in terms of the reconstructed neutrino energy. The χ2 function is defined as follows,

χ2
dis ≡ min

αsig,αBG

∑

i

[Nobs
i + Nobs

i,BG − (1 + αsig)N theo
i − (1 + αBG)N theo

i,BG]2

Nobs
i + Nobs

i,BG

+

(

αsig

σsig

)2

+

(

αBG

σBG

)2

,

(15)
where Nobs

sig,i and N theo
sig,i are, the number of signal events to be observed and the theoreti-

cally expected one, respectively for the i-th bin, and Nobs
BG,i and N theo

BG,i are the corresponding
background event numbers. We assume the optimistic values for the systematic errors,
σsig = σBG = 2% for the T2K phase II.

In Fig.5, we show the expected sensitivity for sin2 2θ23 assuming the pure 2 flavor oscil-
lation (θ13 = 0) as a function of the true value of ∆m2

23, which compares reasonably well
with that of [28]. We have checked that this simple χ2 can reproduce the expected T2K
sensitivity based on more realistic calculations obtained by Monte Carlo simulation given in
Ref. [28].

11

C. ν̄e → ν̄e disappearance mode

For the reactor experiment, we use the same χ2 function used in our previous works
[35, 36], which is defined as,

χ2
reac ≡ min

α’s

∑

a=f,n

[

17
∑

i=1

{

(

N theo
ai − (1 + αi + αa + α)Nobs

ai

)2

Nobs
ai + σ2

db(N
obs
ai )2

+
α2

i

σ2
Db

}

+
α2

a

σ2
dB

]

+
α2

σ2
DB

,(16)

where N theo
ai represents the theoretical number of events at a near (a = n) or a far (a = f)

detector within the i-th bin whose width is 0.425 MeV. We set the distance to the near and
the far detectors to be 300 m and 1500 m, respectively. Nobs

ai are number of events to be
observed. In this work, we consider the high precision reactor experiments whose sensitivity
can go beyond the ones currently expected by experiments such as Double-Chooz [37] and
KASKA [38]. Namely, we assume sensitivities below sin2 2θ13 = 0.01, the one expected to
be achievable by phase-II type experiments such as the Braidwood [39], the Daya Bay [40],
and the Angra [41] projects.

Computation of the event number is done in the same way as in Ref. [36]. We ignore the
possible contribution from geo-neutrinos. It is demonstrated recently by KamLAND that
its flux is consistent with the one expected by geo-chemical earth models [42]. In this case,
the effect of geo-neutrinos is negligibly small at the baseline of ∼1 km, as one can easily
guess by extrapolation of the situation in a reactor θ12 experiment with baseline of ∼60 km
[36].

To characterize reactor measurement, we use GW·kt·yr, the “total exposure” unit, which
is defined as the product of the net values of the reactor thermal power (in GW), detector
fiducial volume (in kton) and running time (in year). We consider the reactor measurement
for 10 GW·kt·yr. The total number of events at the far detector is 1.63 × 106. We consider
two different sets of systematic errors: a relatively conservative choice and an optimistic
one. For the conservative choice, we adopt similar values of the systematic errors used in
Ref. [35, 36], σDB = σDb = 2.0 % and σdB = σdb = 0.5 %, and for the optimistic one, we set
σDB = σDb = 1.0 % and σdB = 0.2% and σdb = 0.2 %. The latter extremely small errors may
be difficult to reach, but they are used to estimate the upper limit of resolving power of the
θ23 degeneracy by the present method. The sensitivity limit of θ13 (assuming no depletion)
at ∆m2

31 = 2.5 × 10−3 eV2 is sin2 2θ13 = 1.14 × 10−2 (2.63 × 10−2) at 1σ (3σ) CL for the
relatively conservative errors, and sin2 2θ13 = 5.39 × 10−3 (1.25 × 10−2) at 1σ (3σ) CL for
the optimistic ones.

D. Combined analysis

For the combined analysis, we simply sum all the χ2 functions defined in Eqs. (14), (15)
and (16),

χ2 = χ2
app + χ2

dis + χ2
reac. (17)

The allowed region in the sin2 2θ13 − sin2 θ23 plane is determined by the usual condition,
∆χ2 ≡ χ2 − χ2

min < 2.3, 6.18 and 11.83 for 1, 2 and 3 σ CL for two degrees of freedom. We
will establish the parameter regions where we can resolve the θ23 octant degeneracy for 1
degree of freedom by imposing the condition |χ2

min(θ
true
23 ) − χ2

min(θ
false
23 )| > 2.71, 4 and 6.63

for 90, 95 and 99% CL, respectively, where θtrue
23 and θfalse

23 are, respectively, the true and the
false value of θ23.

13

(1) νμ→ νe appearance mode

(2) νμ→ νμ disappearance mode

σsig=σBG= 2%: sytematic erros

(a) σDB=σDb= 2%  σdB=σdb= 0.5% : Conservative choice of sys. error

(b) σDB=σDb= 1%  σdB=σdb= 0.2%: Optimistic choice of sys. error

(3) νe→ νe reactor disappearance mode

D(B): Correlated between Detectors(Bins) d(b): Uncorrelated between Detectors(Bins)
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Impact of adding Reactor data 

(b) σDB=σDb= 1%  σdB=σdb= 0.2%: Optimistic choice

degeneracy competely resolved! 

Input 

Disappearance

Appearance

The current bounds on these small quantities in the
lepton flavor mixing are rather mild,

!0:14 " D23 # 1
2 ! sin2!23 " 0:14; (1)

at 90% CL [1], which is nothing but a translation of the
bound sin22!23 $ 0:92. At present, there is neither indica-
tion of deviation from the maximal !23, nor preference of
the particular octant (apart from very slight preference of
the 2nd octant) in the analysis by the SK group with their
current data set [20]. On the other hand, the bound on !13 is
much stronger if one uses the same variable,

sin 2!13 " 0:022%0:047& (2)

at 90% (3") CL for 1 degree of freedom, as obtained by the
global analysis [21] with use of all the data including the
Chooz, the atmospheric, and the K2K [22] one. As dis-
cussed in [23] (see also [24]), one of the major difficulties
for accurate measurement of !23 with accelerator neutrinos
is the !23 degeneracy. Hence, we expect that our method
will help to improve the situation.

In Sec. II, we explain how the !23 octant degeneracy can
be resolved by our method. In Sec. III, we discuss how
robust is the !23 octant degeneracy by indicating the diffi-
culties in resolving it only by accelerator measurement. In
Sec. IV, we fully explain the statistical procedure of our
analysis. In Sec. V, we present the results of our analysis. In
Sec. VI, we give concluding remarks. In the appendix, we
describe some details of how the referred numbers of
events are computed in our paper.

II. THE METHOD AND WHAT IS NEW?

For completeness of the presentation, we start by re-
viewing the method for solving !23 octant degeneracy
described in [10]. At the end of this section, we will try
to elucidate the difference between this work and Ref. [10].
We invite the readers to look at Fig. 1, and first focus on the
upper four panels, the case where the input value of !23 is
in the first octant. (The upper four and the lower four panels
of Fig. 1 are for input values of s223 ' 0:458 and 0.542,
respectively.) Figure 1(a) describes the constraints imposed
by each accelerator experiment, #$ (and !#$) disappear-

ance and #e (and !#e) appearance measurement. Although
these contours come from our full analysis whose details
will be explained in Secs. IV and V, the main features of
Fig. 1 can be understood by the vacuum oscillation ap-
proximation, and essentially it is all that we need.

The #$ disappearance and #e appearance probabilities

in one "m2 dominance approximation [25], which may be
justified by "m2

21="m
2
31 ’ 1=30 ( 1, are given by

P%#$ ! #$& ' 1! sin22!23sin
2

!
"m2

31L

4E

"

(3)

P%#$ ! #e& ' s223sin
22!13sin

2

!
"m2

31L

4E

"

; (4)

where E denotes the neutrino energy and L is the baseline
distance. We use the standard notation of the MNS matrix
including the symbol sij for sin!ij [26]. "m2

ji is defined as

"m2
ji # m2

j !m2
i by using the neutrino masses mi (i '

1–3). In this approximation P%#% ! #&& ' P% !#% ! !#&&.
Accelerator disappearance measurement is expected to
determine both "m2

31 and sin22!23 with high accuracies.
It is obvious that, if !23 ! '=4, one has twofold solutions
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FIG. 1 (color online). The upper (lower) four panels describe
the process of how the !23 octant degeneracy can be resolved for
the case where the true value of sin2!23 ' 0:458%0:542&, corre-
sponding to sin22!23 ' 0:993. The other input mixing parame-
ters are given as "m2

31 ' 2:5) 10!3 eV2, sin22!13 ' 0:1 and
( ' 0, "m2

21 ' 8:0) 10!5 eV2, sin2!12 ' 0:31 (the input val-
ues of sin22!13 and sin2!23 are indicated by the symbol of star in
the plot). (a) The regions enclosed by the solid and the dashed
curves are allowed regions only by the results of appearance and
disappearance accelerator measurement, respectively. (b) The
regions that remain allowed when results of appearance and
disappearance measurement are combined. (c) The regions al-
lowed by reactor measurement. (d) The regions allowed after
combining the results of appearance and disappearance accel-
erator experiments with the reactor measurement. The exposures
for accelerator are assumed to be 2 (6) yr of neutrino (antineu-
trino) running with 4 MW beam power with Hyper-Kamionande
whose fiducial volume is 0.54 Mt, whereas for the reactor we
assume an exposure of 10 GW*kt*yr. The case of optimistic
systematic error is taken. (See Sec. IV and the appendix for
details).

K. HIRAIDE et al. PHYSICAL REVIEW D 73, 093008 (2006)

093008-2



s
in

2
!

2
3

0.35

0.4

0.45

0.5

0.55

0.6

0.65

0.35

0.4

0.45

0.5

0.55

0.6

0.35

0.4

0.45

0.5

0.55

0.6

0.35

0.4

0.45

0.5

0.55

0.6

0 0.025 0.05 0.075 0.1 0.125 0 0.025 0.05 0.075 0.1 0.125 0.15

sin
2
2!

13

3 "

2 "

1 "

Impact of adding Reactor data 

(b) σDB=σDb= 1%  σdB=σdb= 0.2%: Optimistic choice

degeneracy almost resolved! 

Input 



Expected Sensitivity: Regions of paramters where 
the hierarchy can be determined

sin22θ23= 0.99sin22θ23= 0.96
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For the appearance channel, we use the νe (ν̄e) appearance probability with first-order
matter effect [22]

P [νµ(ν̄µ) → νe(ν̄e)] = c2
23 sin2 2θ12

(

∆m2
21L

4E

)2

+ sin2 2θ13s
2
23

[

sin2

(

∆m2
31L

4E

)

−
1

2
s2
12

(

∆m2
21L

2E

)

sin

(

∆m2
31L

2E

)

±
(

4Ea

∆m2
31

)

sin2

(

∆m2
31L

4E

)

∓
aL

2
sin

(

∆m2
31L

2E

)]

+ 2Jr

(

∆m2
21L

2E

) [

cos δ sin

(

∆m2
31L

2E

)

∓ 2 sin δ sin2

(

∆m2
31L

4E

)]

, (3)

where the terms of order s13

(

∆m2
21

∆m2
31

)2
and aLs13

(

∆m2
21

∆m2
31

)

are neglected. In (3), a ≡
√

2GFNe

[23] where GF is the Fermi constant, Ne denotes the averaged electron number density along
the neutrino trajectory in the earth, Jr (= c12s12c2

13s13c23s23) denotes the reduced Jarlskog
factor, and the upper and the lower sign ± or ∓ refer to the neutrino and anti-neutrino
channels, respectively. The first term of (3) is due to the oscillation driven by the solar
∆m2

21, which is essentially negligible in the intermediate detector but not at the far detector
and is of key importance to resolve the θ23 degeneracy.

We make an approximation of ignoring terms of order (∆m2
21/∆m2

31)Jr cos 2θ23 in (3).
Note that keeping only the leading order in this quantity is reasonable because Jr < 0.04,
∆m2

21/∆m2
31 & 1/30, and cos 2θ23 = ±0.2 for sin2 2θ23 = 0.96. Then, the two degenerate

solutions obey an approximate relationship

(

sin2 2θ13s
2
23

)1st
=

(

sin2 2θ13s
2
23

)2nd
, (4)

or, s1st
13 s1st

23 = s2nd
13 s2nd

23 ignoring higher order terms in s13. We can neglect the leading order
correction in s2

13 to s2
23 in these relations because it gives O(s4

13) terms.
Analytic treatment of the intrinsic and the sign-∆m2 degeneracies is given in [15]. In an

environment where the vacuum oscillation approximation applies the solutions corresponding
to the intrinsic degeneracy are given by [11]

θ(2)
13 = θ(1)

13 , δ(2) = π − δ(1) (5)

where the superscripts (1) and (2) label the solutions due to the intrinsic degeneracy. Under
the same approximation the solutions corresponding to the sign-∆m2 degeneracy are given
by [12]

θnorm
13 = θinv

13 , δnorm = π − δinv, (∆m2
31)

norm = −(∆m2
31)

inv, (6)

where the superscripts norm and inv label the solutions with the positive and the negative
sign of ∆m2

31. The degeneracy stems from the approximate symmetry under the exchange
of these two solutions through which the degeneracy is uncovered [12]. The validity of these
approximate relationships in the actual experimental setup in the T2K II measurement is
explicitly verified in [16]. It should be noticed that even if sizable matter effect is present
the relation (5) holds at the energy corresponding to the vacuum oscillation maximum, or
more precisely, the shrunk ellipse limit [24].
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Second Possible Strategy  

T. Kajita, H. Minakata,  S. Nakayama and  HN, to appear

Superbeam with 2 detector system
M. Ishitsuka, T. Kajita, H. Minakata,  HN, hep-ph/0504026

Solar Term = Psolar

 ≡ Psolar+Patm
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Solar term is negligibly small
due to shorter baseline in Kamioka.
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JPARC

Off-axis angle

2.5deg.off-axis beam  @Kamioka
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the target (km)

2.5 deg. off axis

2.5 deg. off axis

(or smaller off-axis

Angle)

Total cost must

be similar to the

baseline

design.

Fig. f rom Senda NP04

Experimental Setup and Assumptions

   0.27 Mt detector @Kamioka (L=295 km)
0.27 Mt detector @Korea (L=1050km) 
 Appearance and disappearance modes

 4MW  2.5 deg. OA beam from JPARC (4yr ν + 4 yr ν)
   2 Identitical detectors at the same

 off axis angle

Δm2
23 = ±2.5x10-3 eV2 Δm2

12 = 8x10-5 eV2 sin
2
θ12= 0.31

T2KK (Tokai to Kamioka-Korea)



Impact of the Solar Term  

0

200

400

600

800

1000

0 0.5 1 1.5N
u
m

b
e
r 

o
f 
e
le

c
tr

o
n
 e

v
e
n
ts

/b
in

Kamioka

0

20

40

60

80

100

0 0.5 1 1.5

Korea

0

1000

2000

3000

4000

5000

0 0.5 1 1.5

                                                     Reconstructed E
!
 (GeV)

N
u
m

b
e
r 

o
f 
m

u
o
n
 e

v
e
n
ts

/b
in

Kamioka

0

500

1000

1500

0 0.5 1 1.5

Korea

Effect of the solar term
!m2

12 = 8.0 x 10-5 (eV2)
!m2

23 = 2.5 x 10-3 (eV2)
sin2 "12 = 0.31
sin22"23= 0.96
# = 3/4 $

normal mass hierarchy

Kamioka  0.27Mton

( 4MW, 4yr % + 4yr % )

Korea  0.27Mton

( 4MW, 4yr % + 4yr % )

sin2 "23 = 0.4, sin2 2"13 = 0.01

sin2 "23 = 0.6, sin2 2"13 = 0.0067

Solar term is negligibly small
due to shorter baseline in Kamioka.

N
u
m

b
e
r 

o
f 

s
ig

n
a
l 
e
v
e
n
ts

(B
G

 n
o
t 

in
c
lu

d
e
d
)

Solar term can be seen
in low E% region in Korea.

4MW  2.5 deg. OA beam 
(4yr ν + 4 yr ν)

 0.27 Mt@Kamioka (L=295km)

 0.27 Mt@Korea (L=1050km)

Effect of the solar term
!m2

12 = 8.0 x 10-5 (eV2)
!m2

23 = 2.5 x 10-3 (eV2)
sin2 "12 = 0.31
sin22"23= 0.96
# = 3/4 $

normal mass hierarchy

Kamioka  0.27Mton

( 4MW, 4yr % + 4yr % )

Korea  0.27Mton

( 4MW, 4yr % + 4yr % )

sin2 "23 = 0.4, sin2 2"13 = 0.01

sin2 "23 = 0.6, sin2 2"13 = 0.0067

Solar term is negligibly small
due to shorter baseline in Kamioka.

N
u
m

b
e
r 

o
f 

s
ig

n
a
l 
e
v
e
n
ts

(B
G

 n
o
t 

in
c
lu

d
e
d
)

Solar term can be seen
in low E% region in Korea.



χ2 definition

rate and the energy dependence of the background for electron events, un-oscillated muon
spectrum, and the signal detection efficiency. These measurements are assumed to be car-
ried out within the uncertainty of 5%. We stress that in the present setting the detectors
located in Kamioka and in Korea are not only identical but also receive neutrino beams with
essentially the same energy distribution (due to the same off-axis angle) in the absence of
oscillations. We already demonstrated that the dependence on the assumed value of the ex-
perimental systematic errors is rather weak [16]. However, it was realized recently that, due
to the non-circular decay pipe of the J-PARC neutrino beam line, the flux energy spectra
viewed at detectors in Kamioka and in Korea are expected to be slightly different, especially
in the high-energy tail of the spectrum [32]. The possible difference between fluxes in the
intermediate and the far detectors is newly taken into account as a systematic error in this
analysis.

We compute neutrino oscillation probabilities by numerically integrating neutrino evolu-
tion equation under the constant density approximation. The average density is assumed
to be 2.3 and 2.8 g/cm3 for the matter along the beam line between the production target
and Kamioka and between the target and Korea, respectively. We assume that the number
of electron with respect to that of nucleons to be 0.5 to convert the matter density to the
electron number density.

Fig. 3 shows an example of the energy spectrum of electron and muon events to be
observed in Kamioka and Korea for 4 years of neutrino beam and 4 years of anti-neutrino
beam. The two sets of parameters give very similar spectrum for both the electron and
muon events at the Kamioka detector. However, due to the long baseline distance, the solar
term plays some role in the oscillation probability at the Korean detector. Therefore, the
two sets of parameters give slightly different oscillation probabilities in Korea. Since the
solar term is proportional to c2

23 we use this feature to obtain information on sin2 θ23.
The statistical significance of the measurement considered in this paper was estimated

by using the following definition of χ2:

χ2 =
4∑

k=1

(
5∑

i=1

(
N(e)obs

i − N(e)exp
i

)2

σ2
i

+
20∑

i=1

(
N(µ)obs

i − N(µ)exp
i

)2

σ2
i

)

+
7∑

j=1

(
εj

σ̃j

)2

(11)

N(e)exp
i = NBG

i · (1 +
∑

j=1,2,7

f(e)i
j · εj) + N signal

i · (1 +
∑

j=3,7

f(e)i
j · εj) , (12)

N(µ)exp
i = Nnon−QE

i · (1 +
∑

j=4,6,7

f(µ)i
j · εj) + NQE

i · (1 +
∑

j=4,5,7

f(µ)i
j · εj) . (13)

The first and second terms in Eq.11 are for the number of observed single-ring electron
and muon events, respectively. N(e or µ)obs

i is the number of events to be observed for the
given oscillation parameter set, and N(e or µ)exp

i is the expected number of events for the
assumed oscillation parameters in the χ2 analysis. k = 1, 2, 3 and 4 correspond to the four
combinations of the detectors in Kamioka and in Korea with the neutrino and anti-neutrino
beams, respectively. i represents the the reconstructed neutrino energy bin for both electrons
and muons. For electron events, both N(e)obs

i and N(e)exp
i include background events. The

energy ranges of the five energy bins for electron events are respectively 400-500 MeV, 500-
600 MeV, 600-700 MeV, 700-800 MeV and 800-1200 MeV. The energy range for the muon
events covers from 200 to 1200 MeV. Each energy bin has 50 MeV width. σi denotes the
statistical uncertainties in the expected data. The third term in the χ2 definition collects the

12

ν
ν × kamioka  

korea  
= 4 combinations ( ) (     )-

  νe(νe) event (5 bins)   νµ(νµ) event (20 bins)

fij: fractional change in the predicted event rate in the i-th bin 

due to the variation of the parameter εj

 εj : systematic error parameters varied freely to minimize χ2 

Systematic Errors

5 % BG (Overall)
5 % BG (Energy Dep.)
5 % Signal Efficiency

20 % Separation of QE/nQE



Kamioka 0.54Mton detector, ! 4yr + !
–
 4yr 4MW beams
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Kamioka 0.27Mton + Korea 0.27Mton detectors, ! 4yr + !
–
 4yr 4MW beams
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Example of the case where the octant 
degeneracy is resolved

HK(0.54Mt) only at Kamioka 2HKs(0.27x2Mt) at Kamioka and Korea

Input (true)

sin2θ23= 0.60 (true)

Octant degeneracy is resolved!

(Despite that sign Δm2 degeneracy is not completely 
resolved → decoupling of degeneracy)
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Parameter regions where the  octant 
degeneracy can be resolved

For any δ

For half of δ

sin22θ23= 0.99

sin22θ23= 0.96

Dependence on the mass hierarchy is weak
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Comparing two methods...

T2KK

T2K II + Reactor T2KK

~95% CL

T2KK

~95% CL

sin22θ13 > 0.04-0.06: T2KII+Reactor is better~
sin22θ13 < 0.04-0.06: T2KK is better~



Summary

• Octant degeneracy exist if θ23  is different from π/4

• Method1: Superbeam (T2K II) + Reactor can resolve 
the octant degeneracy for  sin22θ23 ≈ 0.96 (0.99) if 
sin22θ13 ≈ 0.05 (0.1) but not work for small θ13

• Method II: Superbeam with 2 Far Detector System 
(T2KK) can Resolve  the octant degeneracy for sin22θ23 
< 0.97 even for very small θ13 

• Both Methods are Complementary: For larger (smaller) 
θ13, sin22θ13 > (<) 0.05, Method I (II) would be better 

~

~ ~


